2230 J. Opt. Soc. Am. A/Vol. 24, No. 8/August 2007

Gureyev et al.

Computed tomography with linear shift-invariant
optical systems

Timur E. Gureyev,"* Yakov I. Nesterets," Konstantin M. Pavlov,” and Stephen W. Wilkins’

'CSIRO Manufacturing and Materials Technology, PB33, Clayton Victoria 3169, Australia
2School of Physics, Monash University, Victoria 3800, Australia
*Corresponding author: Tim.Gureyev@csiro.au

Received August 30, 2006; revised February 28, 2007; accepted March 17, 2007;
posted March 26, 2007 (Doc. ID 74579); published July 11, 2007

Optical systems capable of three-dimensional transmission imaging are considered; these systems employ a
conventional tomographic setup with an added linear shift-invariant optical system between the sample and
the detector. A theoretical analysis is presented of image formation and sample reconstruction in such systems,
examples of which include diffraction tomography and phase-contrast tomography with the use of analyzer
crystals. An example is introduced in which the image is obtained by scanning the beam along the line or-
thogonal to the optic axis and to the axis of rotation with a one-dimensional slit or grating parallel to the ro-
tation axis. We show that under certain conditions the proposed system may allow quantitative local (region-
of-interest) tomography. © 2007 Optical Society of America
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1. INTRODUCTION

Computed tomography (CT) is a well-established tech-
nique for three-dimensional (3D) nondestructive imaging
[1-3]. In its conventional form, CT is aimed at recon-
structing the spatial distribution of the attenuation coef-
ficient inside a sample from projection images collected at
different orientations (“view angles”) of the sample. In
more recent times considerable effort has been directed
toward the development of a theoretical basis and experi-
mental means for diffraction and phase-contrast tomogra-
phy [4-12]. The main motivation for that development
was the desire to achieve higher contrast and signal-to-
noise ratios in projection images (and ultimately, in the
reconstructed 3D maps of the refractive index) of samples
that do not display sufficient attenuation contrast. This is
the case, for example, for different types of biological soft
tissue, which often have similar x-ray attenuation prop-
erties leading to poor differentiation in conventional
medical CT. Phase contrast is particularly useful when
imaging samples that consist predominantly of low-Z ele-
ments using hard x rays (with energies of ~10 keV and
above). In this case the real part of the complex refractive
index of the sample, which is responsible for the phase
contrast, is typically several orders of magnitude larger
than the imaginary part of the refractive index, which is
responsible for absorption of x rays [7]. Unfortunately, the
phase of x rays cannot be measured directly by conven-
tional detectors owing to the very high frequency of the
corresponding electromagnetic waves. Therefore it is nec-
essary to convert the spatial variations of the phase in the
transverse sections of the transmitted x-ray beam into de-
tectable intensity variations (phase contrast). This con-
version is usually performed by an optical system intro-
duced between the sample and the detector. Different
optical systems corresponding to different mechanisms of
phase—amplitude conversion have been employed, includ-
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ing x-ray interferometers [7,8], x-ray lenses in the form of
Fresnel zone plates [13] or compound refractive lenses
[14], free-space propagation leading to in-line phase con-
trast [9-12], perfect analyzer crystals [15-17], and others.
The process of extracting the phase distribution from col-
lected phase-contrast images typically involves some form
of computer processing of registered data. This computer
processing can be relatively simple or quite sophisticated
depending on the employed type of phase-contrast imag-
ing. While the issue of numerical complexity of the phase
retrieval algorithms is becoming less critical with the
rapid progress in computer technology, the issue of noise
sensitivity of the algorithms remains important. After the
phase distribution in the transmitted wave is recovered,
conventional methods for CT reconstruction can be ap-
plied to obtain the 3D distribution of the refractive index
in the sample. Of the abovementioned techniques, the in-
line method and the method using analyzer crystals can
be readily associated with linear shift-invariant (LSI) op-
tical systems located between the sample and the detec-
tor. In the present paper we extend this methodology (un-
der certain assumptions about the sample properties) to
generic LSI systems and also propose simple optical sys-
tems capable of producing detectable phase contrast.
One problem that is equally important in conventional
and phase-contrast tomography is the nonlocality of the
CT reconstruction [3,18,19]. “Nonlocality” here refers to
the fact that a whole axial slice of the sample always has
to be scanned and reconstructed even when one is only in-
terested in the distribution of the refractive index in a
small region of interest (ROI) within that slice. Math-
ematically, the nonlocality of the CT reconstruction can be
traced to the nonlocality of the implicit Hilbert transform,
although recently it was pointed out that the latter non-
locality may be less severe than was previously thought
[20]. In a popular filtered backprojection method [3] the
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nonlocality of CT reconstruction appears in the form of
the Calderon operator (ramp filter). The latter operator
has a convolution kernel whose Fourier transform is
equal to |¢'|, i.e., to the modulus of the independent vari-
able in the Fourier space that corresponds to the direction
orthogonal to the axis of rotation and to the optic axis.
One of the questions considered in the present paper is
that of the existence of physically realizable LSI systems
with transfer functions proportional to |¢’|. In other words
we look for LSI systems that can perform appropriately
filtered forward projection in hardware, thus eliminating
the need for subsequent filtering of the backprojection in
the CT reconstruction software. It is easy to show (see
Section 2 below) that the CT reconstruction using projec-
tion images obtained with such an LSI system will result
in a mutual cancellation of the ramp filter and the trans-
fer function of the system, thus leading to a local recon-
struction formula involving only the backprojection op-
eration. This would appear to allow one to realize ROI
tomography or to reconstruct objects that do not fit into
the field of view of the imaging system. However, it is also
clear that in general an LSI system with a transfer func-
tion proportional to |£'| will itself be nonlocal (like most
LSI systems). We show in the present paper that it may
be possible to control the extent of this nonlocality by
means of a suitable design of the optical system. If the ex-
tent of the nonlocality is much smaller than the dimen-
sions of the ROI, then a form of local CT may still be pos-
sible. Note that as the ramp filter is responsible not only
for the nonlocality of the CT reconstruction, but also for
its mathematical instability [3], the implementation of
this filter in hardware, instead of software, may in prin-
ciple also increase the robustness of the CT reconstruc-
tion. Areas of potential practical applications of a system
capable of local tomography are likely to include medical
CT, inspection of microelectronic components at high spa-
tial resolution, and many others.

2. COMPUTED TOMOGRAPHY WITH
LINEAR SHIFT-INVARIANT OPTICAL
SYSTEMS

Let a weakly absorbing object (sample) be illuminated by
a plane monochromatic wave with wavelength \ and in-
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tensity I'®, and let the transmitted wave pass through
some optical system before being registered by a position-
sensitive detector (Fig. 1). We use Cartesian coordinates
r=(x,y,z) to describe the spatial distribution of the re-
fractive index in the sample, n(r)=1-A(r)+iB(r). The di-
rection, z’, of the incident wave, V“Fexp(ikz’), where &
=2m/\, makes an angle ¢ with the z axis, with —7/2
=6 <w/2. The complex amplitude of the transmitted
wave in the plane z’ =0 located immediately after the ob-
ject can be written as u‘;bj(x’ ¥)= V“Fexp[icpg(x’ ,y)
—ugx’",y)], where r'=(x',y,z') are Cartesian coordinates
rotated by angle ' around the y axis with respect to co-
ordinate system r and 6=0"+ 7/2 (Fig. 1). We assume that
the projection approximation can be applied to calculate
the attenuation and the phase shift acquired by the wave
upon transmission through the sample, i.e.,

mox'y) =k(PyB)(x',y), (1a)

eyx",y) == k(PA)x",y), (1b)

where PH )= fx,y,2)0x"—x sin 6
—z cos #)dxdz is the projection operator and S8x) is the
Dirac delta function.

We are interested in the reconstruction of the 3D dis-
tribution of the refractive index inside the sample, n(r),
using the information that can be extracted from the
transmitted wave at different view angles 6. Taking the
2D  Fourier transform, (FAH(&,n)=[fexpli2m(x'&
+yn)lf(x’,y)dx'dy, of Eqgs. (1a) and (1b) and using the
Fourier slice theorem, one can easily derive [3] that

Blx,y,2) =k‘1f f f exp{—i27[& (x sin 0+ z cos 0)
0 - o —o

+ yH(F )&, m)|¢'de dndo, (2a)

Alx,y,z) =— k'lf f f exp{-i2n[ & (x sin 6+ z cos 0)
0 —0 o —x

+ y 1(Fey) (€, 7)[¢'|dg ddo. (2b)

Therefore, if the projected values, wy(x’,y) and @4x’,y),
can be obtained for all view angles 6 in the interval [0, ),
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Fig. 1. Geometry of the CT setup with an added optical system.
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Eqgs. (2a) and (2b) can be used for the reconstruction of the
3D distribution of the complex refractive index. In con-
ventional CT the values of wy(x’,y) are obtained by mea-
suring the 2D distribution of intensity in the object plane,
2’=0, and evaluating uyx’,y)=0.5In[I"/I%(x’ y)]. On
the other hand, at x-ray frequencies it is difficult to mea-
sure the phase, @gyx’,y), of the transmitted electromag-
netic wave directly. Therefore we consider a more practi-
cal approach to the reconstruction of the 3D distribution
of the real part of the refractive index, using the mea-
sured distributions of intensity in the wave transmitted
through the sample at different view angles after that
wave has passed through some optical system that con-
verted the phase variations in the transmitted wave in
the object plane into detectable intensity variations in the
detector plane (Fig. 1).

Let the propagation of a complex transmitted ampli-
tude from the object plane to the detector plane be de-
scribed by a LSI coherent optical system. Then the com-
plex amplitude at the detector plane can be expressed as
a convolution integral,

ugx'y) = f f u® G -%,y -y)dx'dy, (3)
where uget(x’ ,y) and u‘;bj(x’ ,y) are the complex ampli-
tudes of the transmitted wave in the detector and object
planes, respectively, and G(x’,y) is the point-spread func-
tion (PSF) of the optical system. We assume that the dis-
tribution of refractive index in the sample is such that at
all view angles 6 the attenuation is weak and the trans-
mitted phase satisfies the Guigay-type condition [21], i.e.,

|’ y)| < 1, (4a)

‘¢H(x”y)_¢9(5c’,55)()|<<15 (4b)

for all points (x’,y) and (X’,¥) in the object plane that are
separated by a distance smaller than the diameter of the
essential support of the PSF G (the essential support of
the function is understood as a region outside which the
integral of the square modulus of that function is negligi-
bly small). Condition (4b) means that the transmitted
phase may consist of two components, one being small in
magnitude, with the other changing slowly as a function
of transverse coordinates [22]. It can be shown that the
two components correspond to the first Born and the
transport of intensity approximations, respectively [22].
Note that in the case of free-space propagation of the
transmitted wave from the object to the detector (as in in-
line phase tomography), when the support of Gfree(x’ y)
=i/(RN)exp[im(x'?+y%)/(R\)]} is unbounded, condition
(4b) can be relaxed to hold only for the points (x’,y) and
(x',¥) separated by less than the distance R\/h;,, where
hpin is the size of the smallest resolvable feature in the
object [21,22].
Under conditions (4) we have

exp[- Me(xiayﬂ - ,U«e(xé,yz) + i(Pﬁ(xi’yl) - i@e(xé,yz)]
=1- pwp(x1,51) — mgx3,Y2) +T0p(x1,51) — L@p(X9,Y9).

The last expression can be substituted into the equation
for the detected intensity, I‘g,et(x’,y)z\uget(x',y)|2, where

Gureyev et al.

the detector-plane amplitude is expressed by Eq. (3). Tak-
ing the Fourier transform of this intensity distribution,
we arrive at the following expression:

(FI;(E ) = ™{|FG(0,008& ,7) - (Fu)(E',n)
X[(FG")(0,0)(FG)(¢',m) + (FG)(0,0)
X(FG)(E,m]+ Fe) (€, ni(FG)(0,0)
X(FG)(&, ) - i(FG)(0,00(FG)(&, n)]}

(5)

At this stage it is convenient to introduce the optical
transfer function (OTF) T(¢', ») =F[G](¢', ), the normal-

ized OTF T(¢', n=T(¢,%/T(0,0), and the contrast func-
tion

Kyx',y) =1 -1’ ,»)/[I™T(0,0)[?]. (6)

Then the following linear equation for the contrast func-
tion follows directly from Eqgs. (5) and (6):

(FK)(&, ) =2T%(& , (P&, m) + 2P, m)(Fe) (&, 7),
(7

where the amplitude transfer function (ATF), Ta(g',n),

and the phase transfer function (PTF), T’P(g' ,7), are de-
fined in terms of the normalized OTF as follows (see also
[23]):

~ 1 .
(&', m) = E{T(f’, N+ T (=&~}

_ i ~
™, n)= 5{— T n+T(-¢,- 9}

Note that we have used the elementary general property
of the Fourier transform, F[G"](¢', ) ={(FG)(-& ,-n)}", to
derive the last formulas. Both the ATF and the PTF are

always Hermitian, e.g., [T*¢&,n] =T*-¢,-7), and
hence their inverse Fourier transforms, G® and GP, are

real functions that can be viewed as normalized ampli-
tude and phase PSF's, respectively. If the normalized OTF,

T(¢,7), is itself Hermitian, then the PTF vanishes, and
hence such optical systems do not display phase contrast.
A trivial example is the perfect imaging system, where
u‘;“(x’ ,y)=u‘;bj(x’ ,y), 1e., Gx',y)=6x",y). In this case
Ta(g' ,m=1 and 7’9(5’ ,7)=0. This case corresponds to
conventional (amplitude) CT (considered here under the
assumption of weak absorption).

Another immediate consequence of Eq. (7) is that
within the accepted approximations [Eqs. (4)] a dark-field
LST optical system (i.e., a system with 7(0,0)=0) does not
produce any contrast (phase or amplitude), as in this case
(Flget)(f’ ,1)=0 according to Eq. (5). A physical explana-
tion of this phenomenon is that the (linear) contrast de-
scribed by Eq. (7) is achieved as a result of interference of
the direct and the weak scattered beam. In dark-field im-
aging systems the direct beam is absent by definition.
Therefore the image intensity is negligibly small under
the assumed conditions. Certainly, in reality the terms
quadratic in phase and amplitude can contribute to the
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image intensity in a dark-field imaging system, but these
terms have been considered negligibly small under the ac-
cepted approximations.

If the intensity distribution in the detector plane,
I g;t(x’ ,¥), is measured at each view angle 6 for two differ-
ent states of the LSI system, j=1,2, then from Eq. (7)
both the phase and the absorption distribution in the ob-
ject plane can be recovered:

(Fuy (&', m)

T3, M (FK )& ) = TRE, ) (FKp) (€, )

= = — = , (8a)
2[T31(§,’ 7})T}2)(§’> 77) - Tg(gla 7})TI1J(§’, 7])]
Fep(&,n)
- TE DFE)E )+ T5E D (FK )€, 7) -

AT, DTHE , 7) - To(& , DTHE , )]

where the subscript indexes 1 and 2 used with the ATF,
PTF, and contrast function correspond to the two states of
the LSI system. If the denominator in Egs. (8) is equal to
zero at isolated points (£, 7), then conventional Tichonov
regularization can be applied to these equations. Substi-
tuting Eqgs. (8) into Eqgs. (2) we obtain general formulas
for the reconstruction of the real and imaginary parts of
the refractive index from the LSI CT data consisting of a
pair of images for each view angle:

Blx,y,z) = f f f exp{- 127 & (x sin O+ z cos 6) + ny]}
0 J-xJd_x

TY(FK,,) - TS(FK )
X ——————— (¢, p)|¢|dg'dnds, (9a)
2k(T5TS - T5TS)

Alx,y,z) = f f f exp{— 127 & (x sin O+ z cos 6) + ny]}
0 J-xnd_x

T3(FK,,) - T3(FK )

———— (&, n)|&'|[dg’dnde.  (9b)
2h(T5TS - T5T9)

In the case of free-space propagation between the object
and the detector one has

Tg(€,m) = cos[MR(E2 + )],

Thip(&,m) = - sin[mAR(¢'2 + 77)]. (10)

Analogs of Egs. (9) in this case (diffraction CT) were ob-
tained previously [5]. Another example where Egs. (9)
have an immediate application is presented by the case of
an LSI system consisting of a semiinfinite perfect crystal
[24,25].

Now consider the case of phase CT. Here the sample is
assumed to be nonabsorbing, i.e., B(x,y,z)=0. Then Eq.
(7) gives a simple relationship between the distributions
of measured contrast and the transmitted phase. Ex-
pressing (Foy) (¢, ) from Eq. (7) with uy,=0 and substi-
tuting the result into Eq. (2b), we obtain

Vol. 24, No. 8/August 2007/J. Opt. Soc. Am. A 2233

Alx,y,z) = - f f f exp{- 27 & (x sin 6+ z cos 6)
0 —o0 o —o

€]
+ ) ————(FK)(&,ndé'dnde.  (11)
2kRTP(¢,7)
In the case of free-space propagation, the corresponding
reconstruction formula for phase-contrast CT under the
near-field condition, A2, /(R\)>1 (hy, is the size of the
smallest resolvable detail in the sample), was derived in
[11]; in that case Thyp(¢', 7)=—7A\R(&'2+ 7).
Note that if

TP(¢',m) =pl€], (12)

where p is a constant, then |¢'| in the numerator of Eq.
(11) is cancelled out by the denominator, and the equation
can be considerably simplified by evaluating the Fourier
transform over (¢, 7), resulting in

Alx,y,2) = (- 2pk)'1f Ky(x sin 6+ z cos 0,y)d6a. (13)
0

According to Eq. (13), the reconstruction of the 3D distri-
bution of the increment of the refractive index in the
sample is accomplished by applying the backprojection
operator to the 2D distributions of the contrast collected
over the interval, [0, ), of view angles 6. The usual filter-
ing operation has disappeared owing to the special form of
the PTF in Eq. (12). A similar reconstruction formula is
applicable to a system with no phase contrast and

Ta(¢',p)=p|¢&|. Note, however, that an optical system is
not allowed to have the OTF, T(¢', 7), that is itself propor-
tional to |¢’|, as such an LSI system would be a dark-field
one [as T(0, 7)=0] and, hence, will not display any linear
contrast as explained above.

The most important consequence of Eq. (13) is that in
this case the CT reconstruction becomes local [3]; i.e., the
value of the refractive index at an arbitrary point (x,y,z)
inside the object is obtained from the x-ray projection val-
ues corresponding only to rays passing through the point
(x,y,2z) at all view angles 6. This property allows one to
reconstruct regions of interest inside a sample that is
larger than the field of view of the CT system. In the next
section we analyze the question of the existence of physi-
cally realizable systems that might have a PTF or ATF of
the type specified in Eq. (12) or that can be reduced to
that type by applying simple and local image processing
operations.

3. LSI WITH ONE-DIMENSIONAL
SCANNING APERTURES

Consider an optical system consisting of a one-
dimensional (1D) slit with width d located immediately
before or immediately after an optically thin sample (Fig.
2). The Fourier transform of the distribution of transmit-
ted intensity measured in the detector plane orthogonal
to the optic axis z’ at a distance R from the object plane
(z’=0) can be expressed as [21]
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(FIGH(E , mR;E') =Ii“f f exp(i2nx’& +yn))

Xqlx' + NRE'/2,y + \R 7/2)

Xgx' = \RE/2,y - \R7/2)

Xxqlx' =x' + NRE'/2)

Xxqlx' —%' - \R¢/2)dx'dy, (14)

where qgx',y)=expligygx’)—uyx’)] and xyz(x') are the
transmission functions of the object and the slit, respec-
tively, and X’ is the coordinate of the position of the slit
axis. We assume for simplicity that the transmission
function y4(x’) is equal to 1 when |x'| <d/2 and is equal
to 0 otherwise, which corresponds to an ideal slit with
rectangular edges. Integrating (Flget)(f’, n;R;x") over X’
(this corresponds to scanning the slit across the optical
axis), we obtain a shift-invariant intensity distribution
[26]:

(FIP)E,mR)=d™! f (FI(E i R;E)dT’

= (FI;®) (¢, mR)A=(&), (15)

where (FI%S)(f’ ,7;R) and (FI};BI)(g’ ,7;R) are the Fourier
transforms of the intensity distribution in the scanning
slit image and that in the so-called propagation-based im-
age (PBI) [(FIEBY)(¢', 7;R) is described by Eq. (14) without
the slit, i.e., with y;=1I, respectively, and Az(¢') is the
modulation transfer function of the scanning slit:

As(&) = d'lj Xa(@)xa(x" + NRE ) dx’

B 1-|¢VE
“lo

E=d/(\R). Note that the value of the cutoff spatial fre-
quency, E, can be easily adjusted by changing the width of
the slit and/or the object-to-detector distance. The angu-

&'l <E

€| =E

(16)

Geometry of the CT setup with a scanning 1D slit.

lar acceptance of the scanning system is limited to
(-E,E), which means that its spatial resolution is ap-
proximately limited by 1/E=\R/d. Ideally, this spatial
resolution should be finer then the size A, of the mini-
mal resolvable feature of the sample, i.e., 1/E <h;,.
Defining a modified contrast function at each view
angle as the normalized difference between the PBI im-
age and the image obtained with the scanning slit system,

K" y;R) = [P (' ,y;R) - I,°(x" y;R)VI™, (17
we obtain that
(FKG)(E,mR) = [(FI;P)(E, i RIT|EVE,
when |¢]| < E. (18)

Therefore the Fourier transform of this contrast function
is proportional to the ramp filter, at least for suitably
band-limited images.

Under the weak-object approximation, the following
linearized expression for (FIEBI)(g’,n;R) can be derived
from Eq. (14) with xy;=1 [21]:

(FIBY (¢, m;R) = I™{S(&', m) — 2 cos[ MR (&' + 77)]
X(F (&, m) + 2 sin[mR(£2 + 77)]
X(Feo) (¢, )} (19)

Note that Eq. (19) can be obtained under less restrictive
assumptions [22] than the weak-object approximation,
Eqgs. (4) used above.

It is useful to consider a class of samples with distribu-
tions of the real and imaginary parts of the refractive in-
dex that are proportional to each other, i.e., A(r)=yB(r)
(the proportionality constant y does not depend on r; non-
absorbing (phase) objects can be considered a limit case
with y— ). Such proportionality can be easily shown to
exist in the case of samples consisting of a single material
[27] and also for objects consisting predominantly of light
chemical elements (Z<10) in the case of x-rays with en-
ergies between approximately 60 and 500 keV [28]. For
such samples (Fo,) (¢, n)=-yFury)(¢,n), and Eq. (19) for
the PBI image intensity can be rewritten in terms of the
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absorption coefficient alone. Also, in the case of near-field

imaging, i.e., when hiﬁn/ (RN)>1, the cosine function in

Eq. (19) can be replaced by 1, and the sine function can be
replaced by its argument [22]:

(FI®)(&,9;R) = I8, ) - 2T (F ) (€', 7)
X[1+ ym\R(&%+ )] (20)
Combining Eq. (20) with Eq. (18) and using the fact that

&€ €| =0, we find that in this case the Fourier trans-
form of the contrast function is equal to

(FKO)(€,m:R) = 2(F ) (&', )1+ ymAR(£2 + )]
X|g'VE, |¢]<E. (21)
Expressing (Fuy) (¢, n) from Eq. (21) and substituting the
result into Eq. (2a), we obtain
Bx,y,2)
d

= mfo f_x f_w exp{—i27[& (x sin 0+ z cos 6) + T}

y FK;3(¢,m;R)
1+ 777)\R(§’2 + 772)

d¢'dnde, (22)

where we replaced E by d/(AR) in accordance with the
definition of E. Applying the differential operator
1-[AR/(4m)]V?, V2= 2+ +, to both sides of Eq. (22),
we find

(R/d) (47~ Y\RV?)B(x,y,2)

= f f f exp{— 27 & (x sin O+ z cos 6) + ny]}
0 —»oJ —x
X (FK3)(&, m;R)d¢ dpd 6. (23)

Finally, evaluating the Fourier transform over (¢',7) in
Eq. (23), we obtain

(R/d) (47~ RV?)B(x,y,2)

= f Kgs(x sin 0+ z cos 6,y;R)d6. (24)
0

Equation (24) shows that under the above conditions the
3D distribution of the result of application of a second-
order elliptical differential operator (which is, therefore,
local), (R/d)(47— yARV?), to the imaginary part of the re-
fractive index can be reconstructed in a local manner from
the contrast function Kgs(x’ ,¥;R). Let X‘?(x’) be the char-
acteristic function of the interval [-A,A], i.e., X?(x’)zl
when |x'| <A and A/f(x’)EO when |x'| >A; and let X‘g(x,z)
be the characteristic function of the disk (ROI) x?+2z2
=A2% ie., x5(x,2)=1 when x2+22=A? and x5(x,2)=0
when x%+22>A2. The locality of Eq. (24) implies that
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(RId) X3 (x,2) (47 - YNRV?) B(x,y,2)
= Xé(x,z)J X‘i‘(x sin @+ z cos 6)
0

XKgs(x sin 6+ z cos 6,y;R)d 6, (25)

i.e., for any fixed y, the distribution of the function
(47/ Y\R-V?)B(x,y,z) inside the disk x%2+z2=<A? can be
reconstructed from projections I};Bl(x’ ,v;R) and
I gs(x’ ,¥;R) [used in the definition of the contrast function
KES(x’ ,¥;R)] truncated (apertured) to the interval
|x'| =A.

The local reconstruction described by Eq. (25) corre-
sponds to the experimental arrangement where the detec-
tor is smaller than the field of view (the size of the projec-
tion of the object). This can be also formally described by
the presence of an aperture function X‘i\(x’) immediately
in front of the detector. Another relevant experimental ar-
rangement corresponds to the situation where the extent
of the incident beam along the x’ direction is smaller than
the extent of the object along that direction. Within the
formalism considered above this arrangement can be de-

scribed by an aperture function Xfi‘,(x’) located immedi-

ately before or immediately after the object, where ﬁ’(x’)
is equal to 1 when |x'| <A’ (A’>A), is 0 when |x'|>A’
+a’, and changes monotonically and smoothly from 1 to
zero in the intervals A’'<|x'| <A'+a’. In this case the
Fourier transform of the projected absorption distribution

in Egs. (20) and (21) is replaced by F[X/;V(x’),u,g(x’ ,¥)]. The
size a’ of the smooth transition region should be chosen
sufficiently large for Eq. (20) to be valid with the function

X/f,(x’),ug(x’ ,¥) in place of uy(x',y) (see the details in
Appendix A).

In an experiment, it will be desirable to use apertures
with rounded or wedgelike edges to reduce x-ray diffrac-
tion at the edges, but it may be difficult to eliminate the
diffraction completely. Note, however, that as the detector
plane is located within the near-field region with respect
to the object, the spread of the diffraction fringes from the
geometric images of aperture edges will be limited to the
larger of the width of the first Fresnel zone, (R\)Y/2, and
that of the PSF of the imaging system. Note also that
intensity value, Igs(x’ ,¥;R), at a point (x’,y,R) (and
as a consequence, the value of the contrast function
K?S(oc’,y;R)E[IgBI(x’,y;R)—I%S(x’,y;R)]/Iin at  that
point) depends on the projection values, (P,8)(x’,y;0),
within some vicinity (x' —a,x’ +a) of x’. Assuming that the
width of the region of interest is much larger than the slit
size, the value of a can be obtained from Eq. (15) as the
width of the function (F~1Az)(x')=sin?(wEx')/(m*Ex’'2),
i.e., a~1/E=R\/d. This means that in order to recon-
struct the distribution of the refraction index within a
given region of interest () inside the object, one will have
to irradiate and scan a larger region (),. This is a mani-
festation of the fact that the scanning slit system is itself
nonlocal. The locality seemingly improves (i.e., Q,— Q)
when E — . Unfortunately, in the scanning-slit system
there is a trade-off between the locality and the contrast.
Indeed, the contrast diminishes when = —o, as can be
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seen immediately from Eqs. (18). These issues are consid-
ered in more detail in Appendix A.

If the ROI is surrounded by an area with constant re-
fraction and absorption properties, then the periodic or
other uniform boundary conditions can be imposed on the
distribution of B at the boundary of the region, and the
operator in the left-hand side of Eq. (24) can be easily in-
verted [27] producing a 3D distribution of the imaginary
part, B(r), of the complex refractive index inside the ROI:

B(x,y,2) = (d/R)(4m - yARV?)™1

Xf K%s(x sin 0+ z cos 0,y;R)df.  (26)
0

Note that in this case we can also reconstruct the real
part of the refractive index according to A(r)=yB(r).

A local reconstruction formula for the case of a pure
phase object (8=0) can be derived in a manner similar to
Eq. (24); the result can be formally obtained by discarding
the 47 term in the brackets on the left-hand side of Eq.
(24) and noting that A(r)=yB(r). The pure phase case cor-
responds to y—o or, more precisely, 2Np< y, where Ny
=hr2nink/R and A, is the size of the smallest resolvable
detail in the object as defined above. At the other limit,
when 2Np> vy, we have the case of conventional CT,
where the first term in brackets on the left-hand side of
Eq. (24) is much larger than the second term. This corre-
sponds to the case where the diffraction terms in Eq. (19)
are negligibly small. Such a case can be realized, e.g., by
choosing a sufficiently short sample-to-detector distance
R. At the same time, the value of the cutoff frequency, =,
can be kept constant, if we decrease the slit width, d, ac-
cordingly. Therefore, in this case we end up with an ana-
log of Eq. (24) without the Laplacian on the left-hand side,
which represents a local CT reconstruction formula for
absorption CT:

T

(47RId)B(x,y,z) = f KS5(x sin 6+ 2z cos 6,y;R)d6. (27)
0

The same equation can be obtained for the CT reconstruc-
tion with a scanning-slit system where the propagation
distance R is optimized with respect to the x-ray source
size and detector resolution in accordance with the re-
cently proposed deblur by defocus method [22,29] even
when absorption is not weak.

We briefly consider one simple but potentially impor-
tant extension of the data acquisition strategy suggested
above with the use of a scanning slit. One possible disad-
vantage of the latter system is the amount of time that
may be required to scan the slit across the incident or
transmitted beam at each angle of view. This exposure
time can be substantially reduced if a single slit with
transmission function y,(x') is replaced by a 1D periodic
grating with transmission function Xd(x’)zE],‘nl:_MXd(x’
+2dm). Provided that M is sufficiently large (in practice
Md should be slightly larger than the projection of the
ROI onto the object plane), the transmission function
X,4(x") is effectively periodic in x” with period 2d. Then in
order to achieve the desired shift invariance of the
scanned image it is sufficient to integrate the correspond-
ing transmitted intensity over a single period:
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+d
(FIO)(E, mR)=d™ f (FTy*(¢, ;R )dx!
-d
M

= (FI®N (¢, mR) D, A=(¢ +2mE),
m=-M

(28)

where (FI%G)(f’ ,1;R) is the Fourier transform of the in-
tensity distribution in the scanning grating image and
(nget)(g’ ,7;R;X’) is the image intensity corresponding to
a fixed position of the grating [it is described by Eq. (14)
with the function X;(x’) in place of x;(x')]. If, as above,
the spatial Fourier spectrum of the PBI is limited to the
interval (-Z,E), then the sum in Eq. (28) can be replaced
by the single term corresponding to m =0. This makes Eq.
(28) identical to Eq. (15), which was obtained for a single
scanning slit, with one important difference, i.e., we only
have to translate the grating within a single period to ob-
tain Eq. (28). This difference in the scanning require-
ments can be very significant for reducing the overall
time of the CT data acquisition.

4. NUMERICAL SIMULATIONS

We have performed numerical simulations in order to
verify the theoretical results obtained in the previous sec-
tion. We simulated a phantom object consisting of five cyl-
inders (Fig. 3): 1, a nylon cylinder of diameter 1000 um; 2,
a Kevlar cylinder of diameter 100 um; 3 and 4, two cylin-
ders of diameter 300 um filled with olive oil; and, 5, a cyl-
inder of diameter 400 um also filled with olive oil. The
density, chemical composition, and x-ray refractive index
for the constituent materials are presented in Table 1. All
the materials have similar values of y=A/g at the chosen
energy E=25 keV, i.e., the object approximately satisfies
the homogeneous model A(r)=vyB(r) used in Section 4
above. The positions of the cylinders in polar coordinates
(p, ) centered at the axis of cylinder 1 were, 1, p=0, ¢
=0; 2, p=40 pm, ¢=m; 3, p=280 um, ¢=1.99 rad; 4, p
=280 um, ¢=2.19 rad; and, 5, p=260 um, ¢=0.

Fig. 3. Distribution of the real part of the refractive index dec-
rement in the phantom.
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Table 1. Chemical Composition, Density and X-Ray Refractive Indexes (at E=25 keV) for Materials Used in
the Simulated Phantom

Chemical Density, ulp, M, Ao,
Material Formula g/cm? cm?/g cm™! A B rad/mm AlB
1. Nylon C15H,N,0, 1.14 0.313 0.357 0.4148x 107 1.4089 % 1010 -52.55 2944
2. Kevlar C14H (N0, 1.44 0.306 0.441 0.4977 %108 1.7404 x 10710 -63.06 2860
3-5. Olive oil C57;06H 113 0.92 0.3 0.276 0.3436x 1078 1.0892x 10710 -43.53 3155
(approx.)
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-300  -200  -100 , 0 100 200 300 Fig. 5. Contrast sinogram of the vicinity of the ROI in the phan-
X' (nm) tom obtained with a scanning 1D grating.
(b) 06
0.4 - Gaussian distribution with standard deviation =2 um
. representing the PSF of the detector. We calculated pro-
0.2 - jected intensity distributions I5C(x’;R) and I PY(x’;R),
. with and without the scanning 1D grating, at the sample-
¥ 07 to-detector distance R=20 cm at each of the 721 rotation
-.;; . angles. Examples of these intensity distributions are
g 0.2 shown in Fig. 4(a). The grating had a period of 10 um
5 7 with the equal sizes of transparent and opaque regions
O -0.4 (d=5 um). The contrast function, KgG(x’ ;R) E[I};BI(x’ ;R)
. __ I EG(x’ ;R)]/I'™, was calculated at each view angle. Figure
e i 4(b) shows an example of the contrast function at a fixed
0.8 view angle, while Fig. 5 contains the complete sinogram,
oo i.e., the gray-scale representation of the contrast as a
i — T function of the view angle. Application of the backprojec-
: : G(,.r. _
300 200 -100 0 100 200 300 tion operator to the cqntra}st function, K% (x";R), pro
X' (nm) duced the result shown in Fig. 6(a). The dashed square in
Fig. 4. (a) Example of calculated intensity distributions Fig. 6(a) delineates a subregion including cylinder 2. As

IgG(x’ ;R) (thick curve) and IIZBI(x’ ;R) (thin curve); (b) Corre-
sponding contrast function KEG(x’ ;R) at the same view angle as
in (a).

We then simulated CT projection data for the phantom.
The irradiation of the sample was limited to a vicinity of
cylinder 2, which was chosen as the ROIL. The selected vi-
cinity of the ROI is shown by a dashed circle in Fig. 3. The
center of the tomographic rotation was set at 100 um to
the left from the axis of cylinder 1. We calculated 721 to-
mographic scans in the interval [0,s]. Each calculated
projected intensity distribution contained 1024 pixels of
size 1 um. We also modeled the effect of detector resolu-
tion by convolving the projected intensity profiles with a

the part of the phantom contained in the subregion can be
viewed as a homogeneous object inside a uniform medium
[30], one can use Eq. (24) for its quantitative description,
with contrast function KEG(x’;R) in place of Kgs(x’;R)
and the values of B and A equal to the difference of the
corresponding values for cylinders 1 and 2 (see Table 1).
Equation (24) can be easily solved within the selected
subregion to obtain the distribution of AB= ;- in the
vicinity of cylinder 2 [Fig. 6(b)]. One can see that the
shape of the cylinder is reproduced quite accurately with
the slight blurring of the edges caused by the finite spa-
tial resolution of the imaging system. In Fig. 7 we present
a cross section along the dashed square shown in Fig.
6(b), i.e., a cross section of the reconstructed distribution
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(b)

Fig. 6. (a) Backprojection of the contrast sinogram of Fig. 5; (b)
the result of application of the operator (R/d)(4m—yARV?)™ to
the central part of (a).

0.4+

0.3+

0.0+

60 40 20 0 20 40 60
X, pm

Fig. 7. Vertical cross-section along the dashed square in Fig.

6(b), showing the reconstructed distribution of the real part of

the refractive index in the ROI.

of the imaginary part of refractive index inside the ROL.
Obviously, the original distribution of the refractive index
in cylinder 2 has been reconstructed with good accuracy.

5. CONCLUSIONS

We have analyzed the theory of image formation and
sample reconstruction in CT with an LSI system inserted
between the sample and the detector. The analysis has
been performed by using a generalized weak-object model
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for the sample. We showed that under this approximation
the detected 2D intensity distribution at each view angle
represents a difference between the incident intensity
and a weighted sum of the projected values of the spatial
distribution of the real and imaginary parts of the refrac-
tive index in the sample, with the weights identified as
the phase and amplitude transfer functions (PTF and
ATF), respectively. Combining this result with the con-
ventional formula for the inverse Radon transform, we
demonstrated that when the ATF or PTF of the LSI sys-
tem are proportional to |£'], i.e., to the modulus of the ap-
propriate independent variable in the Fourier space, the
inverse Radon transform may be reduced to the back-
projection operator.

We then proposed and analyzed an optical system con-
sisting of a 1D slit or grating that is scanned along the
line orthogonal to the axis of sample rotation and to the
optic axis. Integrating the transmitted intensity with re-
spect to the position of the slit or grating produces an im-
age that can be shown to correspond to an LSI optical sys-
tem with the ATF and PTF proportional to the Lambda
function, Az(¢')=max{0,(1-|¢|/E)}. Subtracting this im-
age from an in-line image collected without the slit re-
sults in a contrast distribution that corresponds to a
transfer function proportional to |¢'| within the interval
|¢'| <E, where the value of cutoff frequency = is deter-
mined by the x-ray wavelength, sample-to-detector dis-
tance, and width of the slit. If 1/Z is smaller than the size
of the smallest resolvable feature in the in-line projection
images, then this system performs the required 1D angu-
lar filtering of the forward projection in hardware, thus
eliminating the need for software ramp filtering. As the
latter filtering is the source of the nonlocality in conven-
tional CT, its elimination results in a local reconstruction
formula. The approximate locality of this CT system
means that it is sufficient to collect x-ray intensity values
corresponding only to the rays passing through a vicinity
of the ROI inside the sample at each view angle, in order
to reconstruct the 3D spatial distribution of the real or
imaginary part (depending on the implementation) of the
refractive index in that region. We have also verified the
validity of the proposed image acquisition and sample re-
construction schemes by suitable numerical simulations.

APPENDIX A

Let us consider the case where the 1D beam-blocking ap-
erture X/f'(x’) is located in the object plane. We assume
that the aperture function )?‘fl(x’) =1forallx' e[A’,A"],

and that Xff,(x’) smoothly and monotonically changes
from 1 to 0 outside this interval. We determine the prop-

erties of the function y(‘f,(x’) required for the contrast
K’ ,y; R AN =[1P s R A - 155y s R AN/,
obtained with this aperture, to coincide with the contrast
K38’ ,y;R) =[I"P(x' ,y;R)-I55(x"y;R)]/ ™, obtained
without the aperture, at least within a smaller interval
x'e[-A,A]

The PBI amplitude and intensity distributions can be
expressed as follows (as the second transverse coordinate,
y, is irrelevant for the calculations presented below, we
omit it in order to simplify the notation):
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-
up (' R;A") = u“‘J exp(-i2mx'¢’)

Xexp(—im\RE ) (FQ,)(£)dE,

(FI;")(&;R;A") = Ii“f exp[i2mARE {I(FQy)({ + £'/2)

X(FQ,) (¢ - ¢'/2)d¢

=F“J exp(i2mx' & )Q x' + NRE'/2)
XQ,(x' —\R&/2)dx’, (A1)

where Q,(x)=Fyx')xa (x') with xa(x)=|¥ (x')| and
qg(x’)=(?xp[—,uﬂ(x’)+i¢g(x')] with Polx")=ylx")
+arg)~(?(x).

Equation (A1) can be written in an equivalent form:
(FI;PY)(¢';R;A")/IT™
+
= (FIgp)(§;R;A") - f exp(i2mx’' &)

X[Myx' + \RE'12)x, (x' = \RE'/2)
+ My(x' —\RE/2) x5 (x' + \RE'/2)]dx’

+ iJ exp(i2mx' & )[Dylx’ + NRE'/2)
X x4/ (&' = NRE'[2) - Dy(x' = NRE'/2)
Xxar(x’ + NRE/2)]dx’, (A2)
where
(FIpp (¢ ;R;A")
e .
= f exp(i2mx' &) xa (&' + NRE/2)x,, (x' — \RE'/2)dx’

is the flat field (intensity distribution in the absence of the
object), My(x") = pmqlx")xar(x'), and Pyax") =@yl xar(x').
Consider separately the following function:

F(¢)= f exp(i2mx' &' )M y(x' + NRE'/2)
X xu (6" = NRE'/2)dx’
=exp(- i7T>\R§’2)f exp[-i2m\RE {J(FM ) (L + &)

X(Fxa) (0)de. (A3)
Using the Taylor expansion of the function (FM)({+¢&'),

® n

s
(FM)((+E)=, ;(FMW(&'),

n=0 '¢*

we obtain the following result for the function F(¢’),
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F(¢) =explim\RE'?) D, (FMp)™(&)(xy) " (ARE)).

= 0 (2mi)
(A4)

If (FMy)(¢')=0 for |¢'|>E, and A’'>\RE, then yu/(x')
=1 for all x’ e[-ARE ,\RE], and the previous expression
simplifies to

F(¢) =exp(im\RE?)(FM (). (A5)

As a result, we obtain the following expression for the PBI
intensity:

(FI;P)(& R AN
= (FIt)(& ;R;A") - [exp(— imARE ) (FM ) (¢)
+exp(im\RE?)(FM,) (- £)] + i[exp(— imARE'?)
X(FD,)(¢') - exp(im\RE })(FD,)" (- £)]. (A6)

As x4 is a real function, then both M and ® are real and
the previous expression becomes

(FI;PN (¢ ;R;A") = I™{(FIgp)(¢';R;A") - 2 cos(mARE'?)
X(FM)(£) + 2 sin(m\R& %) (FD,)(¢')}.
(A7)

Thus, under the above conditions, the intensity in the PBI
image collected with the aperture function y,, is de-
scribed by Eq. (19) with w, and ¢4 replaced by (ugx4/) and
(®gxar), respectively.

We also assume that the smoothness of the transition
of xa:(x’) from 1 to O outside the interval x’ e[-A’,A"] is
such that the near-field condition, |y}, (x')|[AR <1, is sat-
isfied for all x’' (alternatively, the requirement for the
smoothness of the aperture edges could be relaxed if one
explicitly takes into account the finite spatial resolution
of the imaging system, as all image intensities would then
be convolved with the PSF of the imaging system). Then
we can obtain the following analog of Eq. (20) for homo-
geneous objects written in real space coordinates:

IBx";R;A") = I{Ippi(x';R;A)
= 2[1 - MRI(4m V] (1oxar)(x")}. (A8)

As under the above conditions both y4/(x’) and the flat-
field intensity I Egl(x’ ;R;A’) are equal to 1 within the in-
terval x’ e[-A,A], A<A’, and ¢4= ¢, there, then within
this interval we have II;BI(x’;R;A’)EIEBI(x’;R); i.e., the
presence of the sufficiently wide and smooth aperture
function y,4: in the object plane z=0 does not affect the im-
age in the plane z=R inside the interval x’ e[-A,A].

Similarly, for the scanning-slit intensity I%S(x’;R;A’)
we obtain

I8 R;A") = T"A{Tip (s R;A)
= 2[1 - MRI4mV(moxa) @)}, (A9)

where AE is the operator corresponding to the multiplica-
tion by A=(¢') in the Fourier space. It is easy to verify
that (A=zf)(x")=E" fx' —y)sinc2(7=y)dy, where as usual,
sinc(x)=sin x/x. We can represent this operator as a sum,
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A7
fy)sinc’[w=(x" - y)1dy
_A'

(AzHx') =&
+ Ej fly)sine?[7E(x' —y)]dy
A,

_A/
+ Ef fy)sinc?[7E(x" —y)]dy. (A10)
As for x’ e[-A,A], we have

fy)sinc?[7E(x' - y)ldy | = J 7= - y)Pdy

A’ ’

= |fmax|/(7TZEZIA/ _A|);

we can estimate the last two integrals in (A10) from above
as

Loy = 2/fimaxl/(7°E|A’ - A)). (A11)
Therefore, for x’ e[-A,A], we have
5% ;R;A") = I3%(x'sR)| = 4IC(xar, n)/(w°E|A - A)),
where
|C(xar, mo)l = {1+ (RIE)ymax[xy,, (x;)*IH1 + y max]|u,
+ HRIk)max{|V |, [V21[1}-

The latter term is less than 4+2 max| ¢, owing to the as-
sumptions made about the weakness of absorption and
about the near-field conditions for both y,: and u, Hence
we obtain

I55(x";R;A") - I ;R)|
= (16 + 8 max|p ) I™/(7*E|JA-A"]).  (A12)

The last inequality, in combination with Eq. (A8), shows
that for sufficiently large A’, the contrast func-
tion Ky (x',y;R;A") =[1,(x',y; R;A) - 15,y ; R;AN) /T
within the interval x’ e[-A,A] can be made arbitrarily
close to the function Kgs(x’ ,y;R)E[IsBI(x’ ,V;R)
—Igs(x’ ,y;R)]/I™. Since we have already shown that the
knowledge of the contrast function Kgs(x’ ,y;R) within the
interval x’ e [-A,A] is sufficient for the CT reconstruction
of the absorptive index or its derivatives within the disk
x2+22=A? [in accordance with Eqs. (24)—(26)], this com-
pletes the proof that the local CT with the limiting aper-
ture in the object plane is also possible, provided that the
aperture is sufficiently wider [as required by Eq. (A12)]
than the projection of the ROL.

Note that although the error estimate in Eq. (A12) can
seemingly be decreased by increasing the value of the cut-
off frequency E, the resultant contrast function is multi-
plied by the factor d/R=\E in the process of reconstruc-
tion of the absorptive index in accordance with Egs.
(24)—(26). Therefore, an increase in the cutoff frequency
would lead to more unstable reconstruction. This is con-
sistent with the physics of the proposed reconstruction
scheme. Indeed, an increase in E means an effective
broadening of the scanning slit, which diminishes the dif-
ference between the scanning-slit intensity and the PBI
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intensity collected without the scanning slit, i.e., it de-
creases the contrast function K%S(x’,y;R)E[IgBI(x’ ,V;R)
—ISHS(x’,y;R)]/Im, making the reconstruction susceptible
to noise.
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