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Optical systems capable of three-dimensional transmission imaging are considered; these systems employ a
conventional tomographic setup with an added linear shift-invariant optical system between the sample and
the detector. A theoretical analysis is presented of image formation and sample reconstruction in such systems,
examples of which include diffraction tomography and phase-contrast tomography with the use of analyzer
crystals. An example is introduced in which the image is obtained by scanning the beam along the line or-
thogonal to the optic axis and to the axis of rotation with a one-dimensional slit or grating parallel to the ro-
tation axis. We show that under certain conditions the proposed system may allow quantitative local (region-
of-interest) tomography. © 2007 Optical Society of America
OCIS codes: 110.6960, 340.7440, 100.5070, 100.6950.
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. INTRODUCTION
omputed tomography (CT) is a well-established tech-
ique for three-dimensional (3D) nondestructive imaging
1–3]. In its conventional form, CT is aimed at recon-
tructing the spatial distribution of the attenuation coef-
cient inside a sample from projection images collected at
ifferent orientations (“view angles”) of the sample. In
ore recent times considerable effort has been directed

oward the development of a theoretical basis and experi-
ental means for diffraction and phase-contrast tomogra-

hy [4–12]. The main motivation for that development
as the desire to achieve higher contrast and signal-to-
oise ratios in projection images (and ultimately, in the
econstructed 3D maps of the refractive index) of samples
hat do not display sufficient attenuation contrast. This is
he case, for example, for different types of biological soft
issue, which often have similar x-ray attenuation prop-
rties leading to poor differentiation in conventional
edical CT. Phase contrast is particularly useful when

maging samples that consist predominantly of low-Z ele-
ents using hard x rays (with energies of �10 keV and

bove). In this case the real part of the complex refractive
ndex of the sample, which is responsible for the phase
ontrast, is typically several orders of magnitude larger
han the imaginary part of the refractive index, which is
esponsible for absorption of x rays [7]. Unfortunately, the
hase of x rays cannot be measured directly by conven-
ional detectors owing to the very high frequency of the
orresponding electromagnetic waves. Therefore it is nec-
ssary to convert the spatial variations of the phase in the
ransverse sections of the transmitted x-ray beam into de-
ectable intensity variations (phase contrast). This con-
ersion is usually performed by an optical system intro-
uced between the sample and the detector. Different
ptical systems corresponding to different mechanisms of
hase–amplitude conversion have been employed, includ-
1084-7529/07/082230-12/$15.00 © 2
ng x-ray interferometers [7,8], x-ray lenses in the form of
resnel zone plates [13] or compound refractive lenses

14], free-space propagation leading to in-line phase con-
rast [9–12], perfect analyzer crystals [15–17], and others.
he process of extracting the phase distribution from col-

ected phase-contrast images typically involves some form
f computer processing of registered data. This computer
rocessing can be relatively simple or quite sophisticated
epending on the employed type of phase-contrast imag-
ng. While the issue of numerical complexity of the phase
etrieval algorithms is becoming less critical with the
apid progress in computer technology, the issue of noise
ensitivity of the algorithms remains important. After the
hase distribution in the transmitted wave is recovered,
onventional methods for CT reconstruction can be ap-
lied to obtain the 3D distribution of the refractive index
n the sample. Of the abovementioned techniques, the in-
ine method and the method using analyzer crystals can
e readily associated with linear shift-invariant (LSI) op-
ical systems located between the sample and the detec-
or. In the present paper we extend this methodology (un-
er certain assumptions about the sample properties) to
eneric LSI systems and also propose simple optical sys-
ems capable of producing detectable phase contrast.

One problem that is equally important in conventional
nd phase-contrast tomography is the nonlocality of the
T reconstruction [3,18,19]. “Nonlocality” here refers to

he fact that a whole axial slice of the sample always has
o be scanned and reconstructed even when one is only in-
erested in the distribution of the refractive index in a
mall region of interest (ROI) within that slice. Math-
matically, the nonlocality of the CT reconstruction can be
raced to the nonlocality of the implicit Hilbert transform,
lthough recently it was pointed out that the latter non-
ocality may be less severe than was previously thought
20]. In a popular filtered backprojection method [3] the
007 Optical Society of America



n
t
h
e
a
o
O
t
w
w
fi
t
t
S
t
i
f
s
e
t
t
c
t
L
b
m
t
s
s
f
i
t
c
t
c
C
t

2
L
S
L
a

t
s
s
r
f
r
=
�
w
j
−
r
o
t
t
u

w
−
D

t
u
t
2
+
F

T
c

Gureyev et al. Vol. 24, No. 8 /August 2007 /J. Opt. Soc. Am. A 2231
onlocality of CT reconstruction appears in the form of
he Calderon operator (ramp filter). The latter operator
as a convolution kernel whose Fourier transform is
qual to ����, i.e., to the modulus of the independent vari-
ble in the Fourier space that corresponds to the direction
rthogonal to the axis of rotation and to the optic axis.
ne of the questions considered in the present paper is

hat of the existence of physically realizable LSI systems
ith transfer functions proportional to ����. In other words
e look for LSI systems that can perform appropriately
ltered forward projection in hardware, thus eliminating
he need for subsequent filtering of the backprojection in
he CT reconstruction software. It is easy to show (see
ection 2 below) that the CT reconstruction using projec-
ion images obtained with such an LSI system will result
n a mutual cancellation of the ramp filter and the trans-
er function of the system, thus leading to a local recon-
truction formula involving only the backprojection op-
ration. This would appear to allow one to realize ROI
omography or to reconstruct objects that do not fit into
he field of view of the imaging system. However, it is also
lear that in general an LSI system with a transfer func-
ion proportional to ���� will itself be nonlocal (like most
SI systems). We show in the present paper that it may
e possible to control the extent of this nonlocality by
eans of a suitable design of the optical system. If the ex-

ent of the nonlocality is much smaller than the dimen-
ions of the ROI, then a form of local CT may still be pos-
ible. Note that as the ramp filter is responsible not only
or the nonlocality of the CT reconstruction, but also for
ts mathematical instability [3], the implementation of
his filter in hardware, instead of software, may in prin-
iple also increase the robustness of the CT reconstruc-
ion. Areas of potential practical applications of a system
apable of local tomography are likely to include medical
T, inspection of microelectronic components at high spa-

ial resolution, and many others.

. COMPUTED TOMOGRAPHY WITH
INEAR SHIFT-INVARIANT OPTICAL
YSTEMS
et a weakly absorbing object (sample) be illuminated by
plane monochromatic wave with wavelength � and in-

Fig. 1. Geometry of the CT s
ensity Iin, and let the transmitted wave pass through
ome optical system before being registered by a position-
ensitive detector (Fig. 1). We use Cartesian coordinates
= �x ,y ,z� to describe the spatial distribution of the re-

ractive index in the sample, n�r��1−��r�+ i��r�. The di-
ection, z�, of the incident wave, �Iinexp�ikz��, where k
2� /�, makes an angle �� with the z axis, with −� /2
���� /2. The complex amplitude of the transmitted
ave in the plane z�=0 located immediately after the ob-

ect can be written as u�
obj�x� ,y�=�Iinexp�i	��x� ,y�


��x� ,y��, where r�= �x� ,y ,z�� are Cartesian coordinates
otated by angle �� around the y axis with respect to co-
rdinate system r and �=��+� /2 (Fig. 1). We assume that
he projection approximation can be applied to calculate
he attenuation and the phase shift acquired by the wave
pon transmission through the sample, i.e.,


��x�,y� = k�P����x�,y�, �1a�

	��x�,y� = − k�P����x�,y�, �1b�

here �P�f��x� ,y�=	−�
� 	−�

� f�x ,y ,z���x�−x sin �
z cos ��dxdz is the projection operator and ��x� is the
irac delta function.
We are interested in the reconstruction of the 3D dis-

ribution of the refractive index inside the sample, n�r�,
sing the information that can be extracted from the
ransmitted wave at different view angles �. Taking the
D Fourier transform, �Ff���� ,
�=		exp�i2��x���
y
��f�x� ,y�dx�dy, of Eqs. (1a) and (1b) and using the
ourier slice theorem, one can easily derive [3] that

��x,y,z� = k−1

0

�

−�

� 

−�

�

exp�− i2�����x sin � + z cos ��

+ 
y���F
�����,
�����d��d
d�, �2a�

��x,y,z� = − k−1

0

�

−�

� 

−�

�

exp�− i2�����x sin � + z cos ��

+ 
y���F	�����,
�����d��d
d�. �2b�

herefore, if the projected values, 
��x� ,y� and 	��x� ,y�,
an be obtained for all view angles � in the interval �0,��,

ith an added optical system.
etup w
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qs. (2a) and (2b) can be used for the reconstruction of the
D distribution of the complex refractive index. In con-
entional CT the values of 
��x� ,y� are obtained by mea-
uring the 2D distribution of intensity in the object plane,
�=0, and evaluating 
��x� ,y�=0.5 ln�Iin/Iobj�x� ,y��. On
he other hand, at x-ray frequencies it is difficult to mea-
ure the phase, 	��x� ,y�, of the transmitted electromag-
etic wave directly. Therefore we consider a more practi-
al approach to the reconstruction of the 3D distribution
f the real part of the refractive index, using the mea-
ured distributions of intensity in the wave transmitted
hrough the sample at different view angles after that
ave has passed through some optical system that con-
erted the phase variations in the transmitted wave in
he object plane into detectable intensity variations in the
etector plane (Fig. 1).
Let the propagation of a complex transmitted ampli-

ude from the object plane to the detector plane be de-
cribed by a LSI coherent optical system. Then the com-
lex amplitude at the detector plane can be expressed as
convolution integral,

u�
det�x�,y� =

 u�

obj�x̃�, ỹ�G�x� − x̃�,y − ỹ�dx̃�dỹ, �3�

here u�
det�x� ,y� and u�

obj�x� ,y� are the complex ampli-
udes of the transmitted wave in the detector and object
lanes, respectively, and G�x� ,y� is the point-spread func-
ion (PSF) of the optical system. We assume that the dis-
ribution of refractive index in the sample is such that at
ll view angles � the attenuation is weak and the trans-
itted phase satisfies the Guigay-type condition [21], i.e.,

�
��x�,y�� � 1, �4a�

�	��x�,y� − 	��x̃�, ỹ�� � 1, �4b�

or all points �x� ,y� and �x̃� , ỹ� in the object plane that are
eparated by a distance smaller than the diameter of the
ssential support of the PSF G (the essential support of
he function is understood as a region outside which the
ntegral of the square modulus of that function is negligi-
ly small). Condition (4b) means that the transmitted
hase may consist of two components, one being small in
agnitude, with the other changing slowly as a function

f transverse coordinates [22]. It can be shown that the
wo components correspond to the first Born and the
ransport of intensity approximations, respectively [22].
ote that in the case of free-space propagation of the

ransmitted wave from the object to the detector (as in in-
ine phase tomography), when the support of Gfree�x� ,y�
i / �R��exp�i��x�2+y2� / �R���� is unbounded, condition

4b) can be relaxed to hold only for the points �x� ,y� and
x̃� , ỹ� separated by less than the distance R� /hmin, where
min is the size of the smallest resolvable feature in the
bject [21,22].

Under conditions (4) we have

exp�− 
��x1�,y1� − 
��x2�,y2� + i	��x1�,y1� − i	��x2�,y2��


 1 − 
��x1�,y1� − 
��x2�,y2� + i	��x1�,y1� − i	��x2�,y2�.

he last expression can be substituted into the equation
or the detected intensity, Idet�x ,y���udet�x ,y��2, where
� � � �
he detector-plane amplitude is expressed by Eq. (3). Tak-
ng the Fourier transform of this intensity distribution,
e arrive at the following expression:

�FI�
det����,
� = Iin��FG�2�0,0�����,
� − �F
�����,
�

���FG*��0,0��FG����,
� + �FG��0,0�

��FG*����,
�� + �F	�����,
��i�FG*��0,0�

��FG����,
� − i�FG��0,0��FG*����,
���.

�5�

t this stage it is convenient to introduce the optical
ransfer function (OTF) T��� ,
��F�G���� ,
�, the normal-
zed OTF T̃��� ,
��T��� ,
� /T�0,0�, and the contrast func-
ion

K��x�,y� � 1 − I�
det�x�,y�/�Iin�T�0,0��2�. �6�

hen the following linear equation for the contrast func-
ion follows directly from Eqs. (5) and (6):

�FK�����,
� = 2T̃a���,
��F
�����,
� + 2T̃p���,
��F	�����,
�,

�7�

here the amplitude transfer function (ATF), T̃a��� ,
�,
nd the phase transfer function (PTF), T̃p��� ,
�, are de-
ned in terms of the normalized OTF as follows (see also
23]):

T̃a���,
� =
1

2
�T̃���,
� + T̃*�− ��,− 
��,

T̃p���,
� =
i

2
�− T̃���,
� + T̃*�− ��,− 
��.

ote that we have used the elementary general property
f the Fourier transform, F�G*���� ,
�= ��FG��−�� ,−
��*, to
erive the last formulas. Both the ATF and the PTF are
lways Hermitian, e.g., �T̃a��� ,
��*= T̃a�−�� ,−
�, and
ence their inverse Fourier transforms, G̃a and G̃p, are
eal functions that can be viewed as normalized ampli-
ude and phase PSFs, respectively. If the normalized OTF,
˜ ��� ,
�, is itself Hermitian, then the PTF vanishes, and

ence such optical systems do not display phase contrast.
trivial example is the perfect imaging system, where

�
det�x� ,y�=u�

obj�x� ,y�, i.e., G�x� ,y�=��x� ,y�. In this case
˜ a��� ,
��1 and T̃p��� ,
��0. This case corresponds to
onventional (amplitude) CT (considered here under the
ssumption of weak absorption).
Another immediate consequence of Eq. (7) is that

ithin the accepted approximations [Eqs. (4)] a dark-field
SI optical system (i.e., a system with T�0,0�=0) does not
roduce any contrast (phase or amplitude), as in this case
FI�

det���� ,
��0 according to Eq. (5). A physical explana-
ion of this phenomenon is that the (linear) contrast de-
cribed by Eq. (7) is achieved as a result of interference of
he direct and the weak scattered beam. In dark-field im-
ging systems the direct beam is absent by definition.
herefore the image intensity is negligibly small under

he assumed conditions. Certainly, in reality the terms
uadratic in phase and amplitude can contribute to the
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mage intensity in a dark-field imaging system, but these
erms have been considered negligibly small under the ac-
epted approximations.

If the intensity distribution in the detector plane,

�,j
det�x� ,y�, is measured at each view angle � for two differ-
nt states of the LSI system, j=1,2, then from Eq. (7)
oth the phase and the absorption distribution in the ob-
ect plane can be recovered:

F
�����,
�

=
T̃2

p���,
��FK�,1����,
� − T̃1
p���,
��FK�,2����,
�

2�T̃1
a���,
�T̃2

p���,
� − T̃2
a���,
�T̃1

p���,
��
, �8a�

F	�����,
�

=
− T̃2

a���,
��FK�,1����,
� + T̃1
a���,
��FK�,2����,
�

2�T̃1
a���,
�T̃2

p���,
� − T̃2
a���,
�T̃1

p���,
��
, �8b�

here the subscript indexes 1 and 2 used with the ATF,
TF, and contrast function correspond to the two states of
he LSI system. If the denominator in Eqs. (8) is equal to
ero at isolated points ��� ,
�, then conventional Tichonov
egularization can be applied to these equations. Substi-
uting Eqs. (8) into Eqs. (2) we obtain general formulas
or the reconstruction of the real and imaginary parts of
he refractive index from the LSI CT data consisting of a
air of images for each view angle:

��x,y,z� =

0

�

−�

� 

−�

�

exp�− i2�����x sin � + z cos �� + 
y��

�
T̃2

p�FK�,1� − T̃1
p�FK�,2�

2k�T̃1
aT̃2

p − T̃1
pT̃2

a�
���,
�����d��d
d�, �9a�

��x,y,z� =

0

�

−�

� 

−�

�

exp�− i2�����x sin � + z cos �� + 
y��

�
T̃2

a�FK�,1� − T̃1
a�FK�,2�

2k�T̃1
aT̃2

p − T̃1
pT̃2

a�
���,
�����d��d
d�. �9b�

n the case of free-space propagation between the object
nd the detector one has

T̃TIE
a ���,
� = cos���R���2 + 
2��,

T̃TIE
p ���,
� = − sin���R���2 + 
2��. �10�

nalogs of Eqs. (9) in this case (diffraction CT) were ob-
ained previously [5]. Another example where Eqs. (9)
ave an immediate application is presented by the case of
n LSI system consisting of a semiinfinite perfect crystal
24,25].

Now consider the case of phase CT. Here the sample is
ssumed to be nonabsorbing, i.e., ��x ,y ,z��0. Then Eq.
7) gives a simple relationship between the distributions
f measured contrast and the transmitted phase. Ex-
ressing �F	����� ,
� from Eq. (7) with 
��0 and substi-
uting the result into Eq. (2b), we obtain
��x,y,z� = −

0

�

−�

� 

−�

�

exp�− i2�����x sin � + z cos ��

+ 
y��
����

2kT̃p���,
�
�FK�����,
�d��d
d�. �11�

n the case of free-space propagation, the corresponding
econstruction formula for phase-contrast CT under the
ear-field condition, hmin

2 / �R���1 (hmin is the size of the
mallest resolvable detail in the sample), was derived in
11]; in that case T̃TIE

p ��� ,
�=−��R���2+
2�.
Note that if

T̃p���,
� = p����, �12�

here p is a constant, then ���� in the numerator of Eq.
11) is cancelled out by the denominator, and the equation
an be considerably simplified by evaluating the Fourier
ransform over ��� ,
�, resulting in

��x,y,z� = �− 2pk�−1

0

�

K��x sin � + z cos �,y�d�. �13�

ccording to Eq. (13), the reconstruction of the 3D distri-
ution of the increment of the refractive index in the
ample is accomplished by applying the backprojection
perator to the 2D distributions of the contrast collected
ver the interval, �0,��, of view angles �. The usual filter-
ng operation has disappeared owing to the special form of
he PTF in Eq. (12). A similar reconstruction formula is
pplicable to a system with no phase contrast and

˜ a��� ,
�= p̃ ����. Note, however, that an optical system is
ot allowed to have the OTF, T��� ,
�, that is itself propor-
ional to ����, as such an LSI system would be a dark-field
ne [as T�0,
��0] and, hence, will not display any linear
ontrast as explained above.

The most important consequence of Eq. (13) is that in
his case the CT reconstruction becomes local [3]; i.e., the
alue of the refractive index at an arbitrary point �x ,y ,z�
nside the object is obtained from the x-ray projection val-
es corresponding only to rays passing through the point
x ,y ,z� at all view angles �. This property allows one to
econstruct regions of interest inside a sample that is
arger than the field of view of the CT system. In the next
ection we analyze the question of the existence of physi-
ally realizable systems that might have a PTF or ATF of
he type specified in Eq. (12) or that can be reduced to
hat type by applying simple and local image processing
perations.

. LSI WITH ONE-DIMENSIONAL
CANNING APERTURES
onsider an optical system consisting of a one-
imensional (1D) slit with width d located immediately
efore or immediately after an optically thin sample (Fig.
). The Fourier transform of the distribution of transmit-
ed intensity measured in the detector plane orthogonal
o the optic axis z� at a distance R from the object plane
z =0� can be expressed as [21]
�
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�FI�
det����,
;R; x̃�� = Iin


−�

+�

−�

+�

exp�i2��x��� + y
��

�q��x� + �R��/2,y + �R
/2�

�q�
*�x� − �R��/2,y − �R
/2�

��d�x� − x̃� + �R��/2�

��d
*�x� − x̃� − �R��/2�dx�dy, �14�

here q��x� ,y�=exp�i	��x��−
��x��� and �d�x�� are the
ransmission functions of the object and the slit, respec-
ively, and x̃� is the coordinate of the position of the slit
xis. We assume for simplicity that the transmission
unction �d�x�� is equal to 1 when �x� � �d /2 and is equal
o 0 otherwise, which corresponds to an ideal slit with
ectangular edges. Integrating �FI�

det���� ,
 ;R ; x̃�� over x̃�
this corresponds to scanning the slit across the optical
xis), we obtain a shift-invariant intensity distribution
26]:

�FI�
SS����,
;R� � d−1


−�

+�

�FI�
det����,
;R; x̃��dx̃�

= �FI�
PBI����,
;R�������, �15�

here �FI�
SS���� ,
 ;R� and �FI�

PBI���� ,
 ;R� are the Fourier
ransforms of the intensity distribution in the scanning
lit image and that in the so-called propagation-based im-
ge (PBI) [�FI�

PBI���� ,
 ;R� is described by Eq. (14) without
he slit, i.e., with �d�1], respectively, and ������ is the
odulation transfer function of the scanning slit:

������ � d−1

−�

+�

�d�x���d�x� + �R���dx�

= �1 − ����/� ���� � �

0 ���� � �
�16�

�d / ��R�. Note that the value of the cutoff spatial fre-
uency, �, can be easily adjusted by changing the width of
he slit and/or the object-to-detector distance. The angu-

Fig. 2. Geometry of the C
ar acceptance of the scanning system is limited to
−� ,��, which means that its spatial resolution is ap-
roximately limited by 1/�=�R /d. Ideally, this spatial
esolution should be finer then the size hmin of the mini-
al resolvable feature of the sample, i.e., 1 /��hmin.
Defining a modified contrast function at each view

ngle as the normalized difference between the PBI im-
ge and the image obtained with the scanning slit system,

K�
SS�x�,y;R� � �I�

PBI�x�,y;R� − I�
SS�x�,y;R��/Iin, �17�

e obtain that

�FK�
SS����,
;R� = ��FI�

PBI����,
;R�/Iin�����/�,

when ���� � �. �18�

herefore the Fourier transform of this contrast function
s proportional to the ramp filter, at least for suitably
and-limited images.
Under the weak-object approximation, the following

inearized expression for �FI�
PBI���� ,
 ;R� can be derived

rom Eq. (14) with �d�1 [21]:

�FI�
PBI����,
;R� = Iin�����,
� − 2 cos���R���2 + 
2��

��F
�����,
� + 2 sin���R���2 + 
2��

��F	�����,
��. �19�

ote that Eq. (19) can be obtained under less restrictive
ssumptions [22] than the weak-object approximation,
qs. (4) used above.
It is useful to consider a class of samples with distribu-

ions of the real and imaginary parts of the refractive in-
ex that are proportional to each other, i.e., ��r�=���r�
the proportionality constant � does not depend on r; non-
bsorbing (phase) objects can be considered a limit case
ith �→�). Such proportionality can be easily shown to
xist in the case of samples consisting of a single material
27] and also for objects consisting predominantly of light
hemical elements �Z�10� in the case of x-rays with en-
rgies between approximately 60 and 500 keV [28]. For
uch samples �F	����� ,
�=−��F
����� ,
�, and Eq. (19) for
he PBI image intensity can be rewritten in terms of the

p with a scanning 1D slit.
T setu
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bsorption coefficient alone. Also, in the case of near-field
maging, i.e., when hmin

2 / �R���1, the cosine function in
q. (19) can be replaced by 1, and the sine function can be
eplaced by its argument [22]:

�FI�
PBI����,
;R� = Iin����,
� − 2Iin�F
�����,
�

��1 + ���R���2 + 
2��. �20�

ombining Eq. (20) with Eq. (18) and using the fact that
���� ��� � =0, we find that in this case the Fourier trans-
orm of the contrast function is equal to

�FK�
SS����,
;R� = 2�F
�����,
��1 + ���R���2 + 
2��

�����/�, ���� � �. �21�

xpressing �F
����� ,
� from Eq. (21) and substituting the
esult into Eq. (2a), we obtain

�x,y,z�

=
d

4�R
0

�

−�

� 

−�

�

exp�− i2�����x sin � + z cos �� + 
y��

�
FK�

SS���,
;R�

1 + ���R���2 + 
2�
d��d
d�, �22�

here we replaced � by d / ��R� in accordance with the
efinition of �. Applying the differential operator
− ���R / �4����2, �2��x

2+�y
2+�z

2, to both sides of Eq. (22),
e find

R/d��4� − ��R�2���x,y,z�

=

0

�

−�

� 

−�

�

exp�− i2�����x sin � + z cos �� + 
y��

��FK�
SS����,
;R�d��d
d�. �23�

inally, evaluating the Fourier transform over ��� ,
� in
q. (23), we obtain

�R/d��4� − ��R�2���x,y,z�

=

0

�

K�
SS�x sin � + z cos �,y;R�d�. �24�

quation (24) shows that under the above conditions the
D distribution of the result of application of a second-
rder elliptical differential operator (which is, therefore,
ocal), �R /d��4�−��R�2�, to the imaginary part of the re-
ractive index can be reconstructed in a local manner from
he contrast function K�

SS�x� ,y ;R�. Let �1
A�x�� be the char-

cteristic function of the interval �−A ,A�, i.e., �1
A�x���1

hen �x� � �A and �1
A�x���0 when �x� � �A; and let �2

A�x ,z�
e the characteristic function of the disk (ROI) x2+z2

A2, i.e., �2
A�x ,z��1 when x2+z2�A2 and �2

A�x ,z��0
hen x2+z2�A2. The locality of Eq. (24) implies that
�R/d��2
A�x,z��4� − ��R�2���x,y,z�

= �2
A�x,z�


0

�

�1
A�x sin � + z cos ��

�K�
SS�x sin � + z cos �,y;R�d�, �25�

.e., for any fixed y, the distribution of the function
4� /��R−�2���x ,y ,z� inside the disk x2+z2�A2 can be
econstructed from projections I�

PBI�x� ,y ;R� and

�
SS�x� ,y ;R� [used in the definition of the contrast function

�
SS�x� ,y ;R�] truncated (apertured) to the interval

x� � �A.
The local reconstruction described by Eq. (25) corre-

ponds to the experimental arrangement where the detec-
or is smaller than the field of view (the size of the projec-
ion of the object). This can be also formally described by
he presence of an aperture function �1

A�x�� immediately
n front of the detector. Another relevant experimental ar-
angement corresponds to the situation where the extent
f the incident beam along the x� direction is smaller than
he extent of the object along that direction. Within the
ormalism considered above this arrangement can be de-
cribed by an aperture function �̃1

A��x�� located immedi-
tely before or immediately after the object, where �̃1

A��x��
s equal to 1 when �x� � �A� �A��A�, is 0 when �x� � �A�
a�, and changes monotonically and smoothly from 1 to
ero in the intervals A�� �x� � �A�+a�. In this case the
ourier transform of the projected absorption distribution

n Eqs. (20) and (21) is replaced by F��̃1
A��x��
��x� ,y��. The

ize a� of the smooth transition region should be chosen
ufficiently large for Eq. (20) to be valid with the function

1
A��x��
��x� ,y� in place of 
��x� ,y� (see the details in
ppendix A).
In an experiment, it will be desirable to use apertures

ith rounded or wedgelike edges to reduce x-ray diffrac-
ion at the edges, but it may be difficult to eliminate the
iffraction completely. Note, however, that as the detector
lane is located within the near-field region with respect
o the object, the spread of the diffraction fringes from the
eometric images of aperture edges will be limited to the
arger of the width of the first Fresnel zone, �R��1/2, and
hat of the PSF of the imaging system. Note also that
ntensity value, I�

SS�x� ,y ;R�, at a point �x� ,y ,R� (and
s a consequence, the value of the contrast function

�
SS�x� ,y ;R���I�

PBI�x� ,y ;R�−I�
SS�x� ,y ;R�� /Iin at that

oint) depends on the projection values, �P����x� ,y ;��,
ithin some vicinity �x�−a ,x�+a� of x�. Assuming that the
idth of the region of interest is much larger than the slit

ize, the value of a can be obtained from Eq. (15) as the
idth of the function �F−1����x��=sin2���x�� / ��2�x�2�,

.e., a�1/�=R� /d. This means that in order to recon-
truct the distribution of the refraction index within a
iven region of interest � inside the object, one will have
o irradiate and scan a larger region �a. This is a mani-
estation of the fact that the scanning slit system is itself
onlocal. The locality seemingly improves (i.e., �a→�)
hen �→�. Unfortunately, in the scanning-slit system

here is a trade-off between the locality and the contrast.
ndeed, the contrast diminishes when �→�, as can be
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een immediately from Eqs. (18). These issues are consid-
red in more detail in Appendix A.

If the ROI is surrounded by an area with constant re-
raction and absorption properties, then the periodic or
ther uniform boundary conditions can be imposed on the
istribution of � at the boundary of the region, and the
perator in the left-hand side of Eq. (24) can be easily in-
erted [27] producing a 3D distribution of the imaginary
art, ��r�, of the complex refractive index inside the ROI:

��x,y,z� = �d/R��4� − ��R�2�−1

�

0

�

K�
SS�x sin � + z cos �,y;R�d�. �26�

ote that in this case we can also reconstruct the real
art of the refractive index according to ��r�=���r�.
A local reconstruction formula for the case of a pure

hase object ���0� can be derived in a manner similar to
q. (24); the result can be formally obtained by discarding

he 4� term in the brackets on the left-hand side of Eq.
24) and noting that ��r�=���r�. The pure phase case cor-
esponds to �→� or, more precisely, 2NF��, where NF
hmin

2 k /R and hmin is the size of the smallest resolvable
etail in the object as defined above. At the other limit,
hen 2NF��, we have the case of conventional CT,
here the first term in brackets on the left-hand side of
q. (24) is much larger than the second term. This corre-
ponds to the case where the diffraction terms in Eq. (19)
re negligibly small. Such a case can be realized, e.g., by
hoosing a sufficiently short sample-to-detector distance
. At the same time, the value of the cutoff frequency, �,

an be kept constant, if we decrease the slit width, d, ac-
ordingly. Therefore, in this case we end up with an ana-
og of Eq. (24) without the Laplacian on the left-hand side,
hich represents a local CT reconstruction formula for
bsorption CT:

�4�R/d���x,y,z� � 

0

�

K�
SS�x sin � + z cos �,y;R�d�. �27�

he same equation can be obtained for the CT reconstruc-
ion with a scanning-slit system where the propagation
istance R is optimized with respect to the x-ray source
ize and detector resolution in accordance with the re-
ently proposed deblur by defocus method [22,29] even
hen absorption is not weak.
We briefly consider one simple but potentially impor-

ant extension of the data acquisition strategy suggested
bove with the use of a scanning slit. One possible disad-
antage of the latter system is the amount of time that
ay be required to scan the slit across the incident or

ransmitted beam at each angle of view. This exposure
ime can be substantially reduced if a single slit with
ransmission function �d�x�� is replaced by a 1D periodic
rating with transmission function Xd�x��=�m=−M

M �d�x�
2dm�. Provided that M is sufficiently large (in practice
d should be slightly larger than the projection of the
OI onto the object plane), the transmission function
d�x�� is effectively periodic in x� with period 2d. Then in
rder to achieve the desired shift invariance of the
canned image it is sufficient to integrate the correspond-
ng transmitted intensity over a single period:
�FI�
SG����,
;R� � d−1


−d

+d

�FĨ�
det����,
;R; x̃��dx̃�

= �FI�
PBI����,
;R� �

m=−M

M

����� + 2m��,

�28�

here �FI�
SG���� ,
 ;R� is the Fourier transform of the in-

ensity distribution in the scanning grating image and
FĨ�

det���� ,
 ;R ; x̃�� is the image intensity corresponding to
fixed position of the grating [it is described by Eq. (14)
ith the function Xd�x�� in place of �d�x��]. If, as above,

he spatial Fourier spectrum of the PBI is limited to the
nterval �−� ,��, then the sum in Eq. (28) can be replaced
y the single term corresponding to m=0. This makes Eq.
28) identical to Eq. (15), which was obtained for a single
canning slit, with one important difference, i.e., we only
ave to translate the grating within a single period to ob-
ain Eq. (28). This difference in the scanning require-
ents can be very significant for reducing the overall

ime of the CT data acquisition.

. NUMERICAL SIMULATIONS
e have performed numerical simulations in order to

erify the theoretical results obtained in the previous sec-
ion. We simulated a phantom object consisting of five cyl-
nders (Fig. 3): 1, a nylon cylinder of diameter 1000 
m; 2,
Kevlar cylinder of diameter 100 
m; 3 and 4, two cylin-

ers of diameter 300 
m filled with olive oil; and, 5, a cyl-
nder of diameter 400 
m also filled with olive oil. The
ensity, chemical composition, and x-ray refractive index
or the constituent materials are presented in Table 1. All
he materials have similar values of ��� /� at the chosen
nergy E=25 keV; i.e., the object approximately satisfies
he homogeneous model ��r�=���r� used in Section 4
bove. The positions of the cylinders in polar coordinates
� ,	� centered at the axis of cylinder 1 were, 1, �=0, 	
0; 2, �=40 
m, 	=�; 3, �=280 
m, 	=1.99 rad; 4, �
280 
m, 	=2.19 rad; and, 5, �=260 
m, 	=0.

ig. 3. Distribution of the real part of the refractive index dec-
ement in the phantom.
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We then simulated CT projection data for the phantom.
he irradiation of the sample was limited to a vicinity of
ylinder 2, which was chosen as the ROI. The selected vi-
inity of the ROI is shown by a dashed circle in Fig. 3. The
enter of the tomographic rotation was set at 100 
m to
he left from the axis of cylinder 1. We calculated 721 to-
ographic scans in the interval �0,��. Each calculated

rojected intensity distribution contained 1024 pixels of
ize 1 
m. We also modeled the effect of detector resolu-
ion by convolving the projected intensity profiles with a

Table 1. Chemical Composition, Density and X-Ray
the Simul

Material
Chemical
Formula

Density,
g/cm3


 /�,
cm2/g

. Nylon C12H22N2O2 1.14 0.313

. Kevlar C14H10N2O2 1.44 0.306
–5. Olive oil C57O6H113

(approx.)
0.92 0.3

ig. 4. (a) Example of calculated intensity distributions

�
SG�x� ;R� (thick curve) and I�

PBI�x� ;R� (thin curve); (b) Corre-
ponding contrast function K�

SG�x� ;R� at the same view angle as
n (a).
aussian distribution with standard deviation �=2 
m
epresenting the PSF of the detector. We calculated pro-
ected intensity distributions I�

SG�x� ;R� and I�
PBI�x� ;R�,

ith and without the scanning 1D grating, at the sample-
o-detector distance R=20 cm at each of the 721 rotation
ngles. Examples of these intensity distributions are
hown in Fig. 4(a). The grating had a period of 10 
m
ith the equal sizes of transparent and opaque regions

d=5 
m�. The contrast function, K�
SG�x� ;R���I�

PBI�x� ;R�
I�

SG�x� ;R�� /Iin, was calculated at each view angle. Figure
(b) shows an example of the contrast function at a fixed
iew angle, while Fig. 5 contains the complete sinogram,
.e., the gray-scale representation of the contrast as a
unction of the view angle. Application of the backprojec-
ion operator to the contrast function, K�

SG�x� ;R�, pro-
uced the result shown in Fig. 6(a). The dashed square in
ig. 6(a) delineates a subregion including cylinder 2. As

he part of the phantom contained in the subregion can be
iewed as a homogeneous object inside a uniform medium
30], one can use Eq. (24) for its quantitative description,
ith contrast function K�

SG�x� ;R� in place of K�
SS�x� ;R�

nd the values of � and � equal to the difference of the
orresponding values for cylinders 1 and 2 (see Table 1).
quation (24) can be easily solved within the selected
ubregion to obtain the distribution of ����2−�1 in the
icinity of cylinder 2 [Fig. 6(b)]. One can see that the
hape of the cylinder is reproduced quite accurately with
he slight blurring of the edges caused by the finite spa-
ial resolution of the imaging system. In Fig. 7 we present

cross section along the dashed square shown in Fig.
(b), i.e., a cross section of the reconstructed distribution

active Indexes (at E=25 keV) for Materials Used in
Phantom

� �
�	,

rad/mm � /�

0.4148�10−6 1.4089�10−10 −52.55 2944
0.4977�10−6 1.7404�10−10 −63.06 2860
0.3436�10−6 1.0892�10−10 −43.53 3155

ig. 5. Contrast sinogram of the vicinity of the ROI in the phan-
om obtained with a scanning 1D grating.
Refr
ated


,
cm−1

0.357
0.441
0.276
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f the imaginary part of refractive index inside the ROI.
bviously, the original distribution of the refractive index

n cylinder 2 has been reconstructed with good accuracy.

. CONCLUSIONS
e have analyzed the theory of image formation and

ample reconstruction in CT with an LSI system inserted
etween the sample and the detector. The analysis has
een performed by using a generalized weak-object model

ig. 6. (a) Backprojection of the contrast sinogram of Fig. 5; (b)
he result of application of the operator �R /d��4�−��R�2�−1 to
he central part of (a).

ig. 7. Vertical cross-section along the dashed square in Fig.
(b), showing the reconstructed distribution of the real part of
he refractive index in the ROI.
or the sample. We showed that under this approximation
he detected 2D intensity distribution at each view angle
epresents a difference between the incident intensity
nd a weighted sum of the projected values of the spatial
istribution of the real and imaginary parts of the refrac-
ive index in the sample, with the weights identified as
he phase and amplitude transfer functions (PTF and
TF), respectively. Combining this result with the con-
entional formula for the inverse Radon transform, we
emonstrated that when the ATF or PTF of the LSI sys-
em are proportional to ����, i.e., to the modulus of the ap-
ropriate independent variable in the Fourier space, the
nverse Radon transform may be reduced to the back-
rojection operator.
We then proposed and analyzed an optical system con-

isting of a 1D slit or grating that is scanned along the
ine orthogonal to the axis of sample rotation and to the
ptic axis. Integrating the transmitted intensity with re-
pect to the position of the slit or grating produces an im-
ge that can be shown to correspond to an LSI optical sys-
em with the ATF and PTF proportional to the Lambda
unction, ������=max�0, �1− ��� � /���. Subtracting this im-
ge from an in-line image collected without the slit re-
ults in a contrast distribution that corresponds to a
ransfer function proportional to ���� within the interval
�� � ��, where the value of cutoff frequency � is deter-

ined by the x-ray wavelength, sample-to-detector dis-
ance, and width of the slit. If 1/� is smaller than the size
f the smallest resolvable feature in the in-line projection
mages, then this system performs the required 1D angu-
ar filtering of the forward projection in hardware, thus
liminating the need for software ramp filtering. As the
atter filtering is the source of the nonlocality in conven-
ional CT, its elimination results in a local reconstruction
ormula. The approximate locality of this CT system
eans that it is sufficient to collect x-ray intensity values

orresponding only to the rays passing through a vicinity
f the ROI inside the sample at each view angle, in order
o reconstruct the 3D spatial distribution of the real or
maginary part (depending on the implementation) of the
efractive index in that region. We have also verified the
alidity of the proposed image acquisition and sample re-
onstruction schemes by suitable numerical simulations.

PPENDIX A
et us consider the case where the 1D beam-blocking ap-
rture �̃1

A��x�� is located in the object plane. We assume
hat the aperture function �̃1

A��x���1 for all x�� �A� ,A��,
nd that �̃1

A��x�� smoothly and monotonically changes
rom 1 to 0 outside this interval. We determine the prop-
rties of the function �̃1

A��x�� required for the contrast

�
SS�x� ,y ;R ;A����I�

PBI�x� ,y ;R ;A��−I�
SS�x� ,y ;R ;A��� /Iin,

btained with this aperture, to coincide with the contrast

�
SS�x� ,y ;R���I�

PBI�x� ,y ;R�−I�
SS�x�y ;R�� /Iin, obtained

ithout the aperture, at least within a smaller interval
�� �−A ,A�.

The PBI amplitude and intensity distributions can be
xpressed as follows (as the second transverse coordinate,
, is irrelevant for the calculations presented below, we
mit it in order to simplify the notation):
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u�
PBI�x�;R;A�� = uin


−�

+�

exp�− i2�x����

�exp�− i��R��2��FQ������d��,

�FI�
PBI����;R;A�� = Iin


−�

+�

exp�i2��R�����FQ���� + ��/2�

��FQ��*�� − ��/2�d�

=Iin

−�

+�

exp�i2�x����Q��x� + �R��/2�

�Q�
*�x� − �R��/2�dx�, �A1�

here Q��x��= q̃��x���A��x�� with �A��x��= ��̃1
A��x��� and

��x��=exp�−
��x��+ i	̃��x��� with 	̃��x��=	��x��
arg �̃1

A��x�.
Equation (A1) can be written in an equivalent form:

FI�
PBI����;R;A��/Iin

= �FIFF
PBI����;R;A�� −


−�

+�

exp�i2�x����

��M��x� + �R��/2��A�
* �x� − �R��/2�

+ M�
*�x� − �R��/2��A��x� + �R��/2��dx�

+ i

−�

+�

exp�i2�x��������x� + �R��/2�

��A�
* �x� − �R��/2� − ��

*�x� − �R��/2�

��A��x� + �R��/2��dx�, �A2�

here

FIFF
PBI����;R;A��

� 

−�

+�

exp�i2�x�����A��x� + �R��/2��A�
* �x� − �R��/2�dx�

s the flat field (intensity distribution in the absence of the
bject), M��x���
��x���A��x��, and ���x��� 	̃��x���A��x��.

Consider separately the following function:

F���� =

−�

+�

exp�i2�x����M��x� + �R��/2�

��A�
* �x� − �R��/2�dx�

= exp�− i��R��2�

−�

+�

exp�− i2��R�����FM���� + ���

��F�A��
*���d�. �A3�

sing the Taylor expansion of the function �FM����+���,

�FM���� + ��� = �
n=0

� �n

n!
�FM���n�����,

e obtain the following result for the function F�� �,
�
F���� = exp�i��R��2��
n=0

� 1

n ! �2�i�n �FM���n�������A�
* ��n���R���.

�A4�

f �FM�������0 for ��� � ��, and A���R�, then �A��x��
1 for all x�� �−�R� ,�R��, and the previous expression

implifies to

F���� = exp�i��R��2��FM������. �A5�

s a result, we obtain the following expression for the PBI
ntensity:

FI�
PBI����;R;A��/Iin

= �FIFF
PBI����;R;A�� − �exp�− i��R��2��FM������

+ exp�i��R��2��FM��*�− ���� + i�exp�− i��R��2�

��F������� − exp�i��R��2��F���*�− ����. �A6�

s �A� is a real function, then both M and � are real and
he previous expression becomes

�FI�
PBI����;R;A�� = Iin��FIFF

PBI����;R;A�� − 2 cos���R��2�

��FM������ + 2 sin���R��2��F��������.

�A7�

hus, under the above conditions, the intensity in the PBI
mage collected with the aperture function �A� is de-
cribed by Eq. (19) with 
� and 	� replaced by �
��A�� and
	̃��A��, respectively.

We also assume that the smoothness of the transition
f �A��x�� from 1 to 0 outside the interval x�� �−A� ,A�� is
uch that the near-field condition, ��A�

� �x�� ��R�1, is sat-
sfied for all x� (alternatively, the requirement for the
moothness of the aperture edges could be relaxed if one
xplicitly takes into account the finite spatial resolution
f the imaging system, as all image intensities would then
e convolved with the PSF of the imaging system). Then
e can obtain the following analog of Eq. (20) for homo-
eneous objects written in real space coordinates:

I�
PBI�x�;R;A�� = Iin�IFF

PBI�x�;R;A��

− 2�1 − ��R/�4���2��
��A���x���. �A8�

s under the above conditions both �A��x�� and the flat-
eld intensity IFF

PBI�x� ;R ;A�� are equal to 1 within the in-
erval x�� �−A ,A�, A�A�, and 	̃��	� there, then within
his interval we have I�

PBI�x� ;R ;A���I�
PBI�x� ;R�; i.e., the

resence of the sufficiently wide and smooth aperture
unction �A� in the object plane z=0 does not affect the im-
ge in the plane z=R inside the interval x�� �−A ,A�.
Similarly, for the scanning-slit intensity I�

SS�x� ;R ;A��
e obtain

I�
SS�x�;R;A�� = Iin�̂��IFF

PBI�x�;R;A��

− 2�1 − ��R/�4���2��
��A���x���, �A9�

here �̂� is the operator corresponding to the multiplica-
ion by ������ in the Fourier space. It is easy to verify
hat ��̂�f��x��=�	−�

� f�x�−y�sinc2���y�dy, where as usual,
inc�x�=sin x /x. We can represent this operator as a sum,
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��̂�f��x�� = �

−A�

A�
f�y�sinc2����x� − y��dy

+ �

A�

�

f�y�sinc2����x� − y��dy

+ �

−�

−A�
f�y�sinc2����x� − y��dy. �A10�

s for x�� �−A ,A�, we have

�

A�

�

f�y�sinc2����x� − y��dy� �

A�

�

�f�y��/����x� − y��2dy

� �fmax�/��2�2�A� − A��;

e can estimate the last two integrals in (A10) from above
s

Ierr � 2�fmax�/��2��A� − A��. �A11�

herefore, for x�� �−A ,A�, we have

�I�
SS�x�;R;A�� − I�

SS�x�;R�� � 4IinC��A�,
��/��2��A − A���,

here

�C��A�,
��� � �1 + �R/k�max��A�
� ,��A�

� �2���1 + � max�
��

+ ��R/k�max���
��2, ��2
����.

he latter term is less than 4+2 max �	�� owing to the as-
umptions made about the weakness of absorption and
bout the near-field conditions for both �A� and 
�. Hence
e obtain

�I�
SS�x�;R;A�� − I�

SS�x�;R��

� �16 + 8 max�	���Iin/��2��A − A���. �A12�

he last inequality, in combination with Eq. (A8), shows
hat for sufficiently large A�, the contrast func-
ion K�

SS�x�,y ;R ;A����I�
PBI�x�,y ;R ;A��−I�

SS�x�,y ;R ;A��� /Iin

ithin the interval x�� �−A ,A� can be made arbitrarily
lose to the function K�

SS�x� ,y ;R���I�
PBI�x� ,y ;R�

I�
SS�x� ,y ;R�� /Iin. Since we have already shown that the

nowledge of the contrast function K�
SS�x� ,y ;R� within the

nterval x�� �−A ,A� is sufficient for the CT reconstruction
f the absorptive index or its derivatives within the disk
2+z2�A2 [in accordance with Eqs. (24)–(26)], this com-
letes the proof that the local CT with the limiting aper-
ure in the object plane is also possible, provided that the
perture is sufficiently wider [as required by Eq. (A12)]
han the projection of the ROI.

Note that although the error estimate in Eq. (A12) can
eemingly be decreased by increasing the value of the cut-
ff frequency �, the resultant contrast function is multi-
lied by the factor d /R=�� in the process of reconstruc-
ion of the absorptive index in accordance with Eqs.
24)–(26). Therefore, an increase in the cutoff frequency
ould lead to more unstable reconstruction. This is con-

istent with the physics of the proposed reconstruction
cheme. Indeed, an increase in � means an effective
roadening of the scanning slit, which diminishes the dif-
erence between the scanning-slit intensity and the PBI
ntensity collected without the scanning slit, i.e., it de-
reases the contrast function K�

SS�x� ,y ;R���I�
PBI�x� ,y ;R�

I�
SS�x� ,y ;R�� /Iin, making the reconstruction susceptible

o noise.
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